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1 Introduction 


The study of three-dimensional gravity theories is interesting in several respects. For 
instance, general relativity in three space-time dimensions has been a useful laboratory 
for studying conceptual issues in classical and quantum gravity (see ii for a review 
on work on 2 -|- 1 dimensional gravity). More recently, the study of duality symmetries 
of compactified string theories down to three dimensions has provided some information 
about the large internal symmetries of this sector These symmetries are of 

interest, as they can yield non-perturbative information about the full string theory. 


Another interesting aspect that has been recently pointed out by Witten [|, is that 
the vanishing of the cosmological constant and the absence of a massless dilaton in four 
space-time dimensions could be explained by duality between a supersymmetric string 
vacuum in three dimensions and a non-supersymmetric string vacuum in four dimensions. 
The observation that in 2 -I- 1 dimensions the usual connection between supersymmetry 
of the vacuum and the bose-fermi degeneracy of the excited states does not hold |^, 0, 
has been subsequently explored in certain three-dimensional models |^, Other models 
that have been studied are supersymmetric spacetimes in 2-1-1 anti-de Sitter supergravity 
, and some new 2-1-1 dimensional Poincare supergravity theories with central charges 


and Killing spinors |^. All these considerations add renewed interest to the study of 
three-dimensional supergravity theories. 


In this paper, we will consider the low-energy effective theory of heterotic string theory 
compactified on a seven-torus [0, and we will construct various static soliton solutions. 
Rather than using the criteria of the saturation of the Bogomol’nyi bound to characterise 
these solutions, we will use the criteria of unbroken supersymmetry |p . The construction 
of these supersymmetric solutions will thus be achieved by solving the associated Killing 
spinor equations. The associated space-time metric does not approach flat space-time 
at infinity, as is the case in four dimensions, and this renders the existence of covariantly 
constant spinors uncertain at first sight, due to the phase acquired by a spinor when 
parallel transported around a closed curve at infinity. We show, however, that it is 
possible to construct such Killing spinors due to the cancellation of the holonomies. 
The existence of non-trivial supercovariantly constant Killing spinors in asymptotically 


conical spacetimes [|1^] due to the cancellation of phases has already been noticed in 
various other three-dimensional models 0 , g, 0 , 0 , B 0,10 1 . 


This paper is organised as follows. In section 2 we review some properties of the low- 
energy effective action of heterotic string theory compactified on a seven dimensional 
torus 0- In section 3 we present the Killing spinor equations associated to the three- 


1 
















dimensional heterotic low-energy effective Lagrangian. Consistency with the Clifford 
algebra in ten dimensions forces us to introduce a chirality operator in three dimensions 
o (see appendix). In order to be able to do so, we promote the three-dimensional 
Killing spinors to four-component spinors (no two-dimensional representation for the 
three-dimensional Dirac matrices exists admitting a gamma matrix anticommuting with 
all of them). 


In section 4 we present static soliton solutions, which we obtain by solving the Killing 
spinor equations along the lines of [M . We find that the space-time line element differs 


from the line element associated with conical geometries We proceed in several 

steps. First, we construct electrically charged solutions. We take the associated gauge 
fields to be the ones arising from the compactification of the heterotic string from ten 
dimensions down to three. We further restrict the internal metric Gmn to be diagonal. 
This restriction has the consequence that the electrically charged solution can, at most, 
carry two electric charges associated with two different U{1) factors. In subsection 4.1 
we construct electrically charged solutions carrying both charges, and we show that they 
preserve l/2ofA^ = 8,D = 3 supersymmetry. The associated internal metric Gmn is 
constant, whereas the internal antisymmetric tensor field Bmn is zero. Next, since the 
low-energy effective theory is invariant under 0(8, 24) transformations of the background 
fields, we apply a particular 0(8,24) transformation on the background fields of the 
electrically charged solution, and we obtain two types of solitonic solutions which also 
preserve 1/2 of = 8,0 = 3 supersymmetry. In particular, the type of solitonic solutions 
given in subsection 4.2.1 has an off-diagonal non-constant internal metric Gmn as well as a 
non-vanishing internal antisymmetric tensor held Bmn- In addition, the associated gauge 
held strengths vanish. Then, we proceed to construct solitonic solutions preserving 1/4 of 
N = 8, D = 3 supersymmetry, by combining features of the electrically charged solutions 
and of the solitonic solutions of subsection 4.2.1. That is, they have non-vanishing gauge 
held strengths as well as a non-diagonal non-constant internal metric and a non-vanishing 
internal antisymmetric tensor held. Finally, this procedure can be generalised to yield 
solitonic solutions preserving l/8ofA^ = 8,D = 3 supersymmetry. This is achieved by 
increasing the number of non-vanishing entries (blocks) in the i?mn-held. 


In section 5 we repeat the analysis given in section 4, starting from electrically charged 
solutions carrying only one electric charge. These electrically charged solutions have a 
non-constant internal metric Gmn, as opposed to the ones discussed in section 4. We 
proceed to construct solitonic solutions preserving 1/2, 1/4 and l/8ofA^ = 8,D = 3 
supersymmetry along the line of section 4. Here we hnd in all cases that the internal 
metric Gmn is non-constant, but diagonal. 
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The space-time curvature of each of the solutions constructed in sections 4 and 5 vanishes 
at spatial infinity, but the associated space-time metric does not asymptotically approach 
either a flat metric or an anti-de Sitter metric. Thus, these solutions do not describe black 


hole solutions in the usual sense []I^, |2^. Our supersymmetric solutions do not appear to 
interpolate spatially between two vacuum-type supersymmetric configurations, as is the 
case for the extreme Reissner-Nordstrom metric in four dimensions, for example. This 
latter solution interpolates between flat space-time at spatial infinity and a Bertotti- 
Robinson metric near the horizon |^. We nevertheless refer to our supersymmetric 
solutions as solitonic solutions. 

In PI, Sen constructed a particular three-dimensional solution by first considering the 
fundamental string solution of the four dimensional theory and then winding the 
direction along which the string extends once in the third direction. In section 6, we 
construct the associated Killing spinor in three dimensions, as an application of our 
formalism. 

All solutions discussed in sections 4, 5 and 6 have = 0. In section 7, we consider 
solutions to the Killing spinor equations with H^yp ^ 0, which preserve 1/2 of = 8, D = 
3 supersymmetry. We show that all such solutions, with the exception of one, do not 
solve the equations of motion. This should be compared with the common expectation 


rp [T^ that (under some suitable general assumptions) every solution to the Killing 


spinor equations also solves the equations of motion. 

Finally, in section 8, we present our conclusions. Our conventions are summarised in the 
appendix. 


2 The three-dimensional effective action 

The effective low-energy field theory of the ten-dimensional heterotic string compacti- 
fied on a seven-dimensional torus is obtained from reducing the ten-dimensional N = 1 
supergravity theory coupled to 17(1)^® super Yang-Mills multiplets (at a generic point 
in the moduli space) |^, p. The massless ten-dimensional bosonic fields are the 
metric the anti-symmetric tensor field G{1) gauge fields and 

the scalar dilaton with (0 < M, Y < 9, 1 < / < 16). The field strengths are 

and TfSp = cyclic permuta¬ 

tions of M, N, P. 

The bosonic part of the ten dimensional action is 
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oc J A[7^(10) ^ 


^ o-ClO) tt{W)MNP 1 p(10)/ p(10)/MAfi 


( 2 . 1 ) 


The reduction to three dimensions introduces the graviton the dilaton 

(j) = $( 10 ) _ In ^det Gmn, with Gmn the internal 7D metric, 30 f/(l) gauge helds A^^'> = 
( 4 ^-, 43 )/) (a = 1,...,30, m = 1,...,7, / = 1,...,16) , where Agh 


are 


the 7 Kaluza-Klein gauge helds coming from the reduction of + 

the 7 gauge helds coming from the reduction of 
Agh ^ — agAg)™ are the 16 gauge helds from . 

The held strengths are given by Fj^ = d^j,A\A — dyAA\ Finally, induces 

the two form held with held strength = d^B^p — iy4g)Lafc4g+ cyclic 

permutations. 

The 161 scalars Gmm o,^rn Bmn can be arranged into a 30 x 30 matrix M (we use here 
the conventions of |p5||) 


/ 


M = 


G-i 

-G^G-^ 

-aG-^ 


\ 


-G-^G -G-^a^ 

G + G^G-^G + a^a G'^G-^a^ + 

aG~^G + a I 1 & + aG~^a^ j 


( 2 . 2 ) 


where G — [G^^], G — [ 2 ®m®n T Bmn 

] and a = [ag]. 

We have MLM'^ = L, = M, j 

L~^ = L, where 


o 

o 

L = 

o 

o 


0 0 IlQ j 


(2.3) 


We use the following ansatz for the Kaluza-Klein lOD vielbein and inverse vielbein 
, in the string frame 


Eti = 


e^e“ 4)-e^ 


E^ = 


e 


-e-'^e^Tlg)™ 


(2.4) 


where is the internal and e" the space-time vielbein in the Einstein frame (the relation 
between string metric Gp^ and Einstein metric g^y in three dimensions is Gpy = e^^^g^y). 

The three-dimensional action in the Einstein frame is then [^, ^], 


5 = 


i 


Sx^fPj{R - gi“'di. 


- 3’'“' 3 ““’ 


■\e-^g'‘'‘'9‘'‘''Fli'{LMLUF^l, + ^-gi^Tr {d„MLd,ML)} , (2.6) 
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where a = 1,..., 30. 

This action is invariant under the 0(7, 23) transformations 


^ 4, ^ 4,, ifLn = L, 


( 2 . 6 ) 

where is a 30 x 30 0(7, 23) matrix. 

The equations of motion for 0, and are, respectively, 

d,{e-^^^{LML)abF^^^n + = 0 , (2.7) 

(LML),feF^'^(') + = 0 , (2.8) 

d.i^ge-^'^H^'^P) = 0 , (2.9) 

n,, = + ^e-^^F^f{LML),,Ff'> - ^Tr {d^MLd.ML) (2.10) 




We note that after dimensional reduction on a seven torus, the only massless bosonic helds 
remaining are the spin two (non-propagating) graviton g^y and a set of scalar helds, since 
in three dimensions vector helds are dual to scalar helds. In three dimensions the held 
has no physical degrees of freedom. We will therefore consider backgrounds where 
either = 0 , or H^^p = 

Let us now consider the case where H^^p = 0. From the equations of motion for the 
gauge helds A^^'> (|2.7|) one can dehne a set of scalar helds T“, a = 1,..., 30, through [§ 


p(a)t.u ^ -^e^'t>^ML)abe^^^Pdp^>^ . ( 2 . 11 ) 

Then, from the Bianchi identity eP'^POpFA^ = 0, 

DP{^^{ML)abdp'^^) = 0 . ( 2 . 12 ) 


Following IQ], the charge quantum numbers of elementary string excitations are charac¬ 
terized by a 30 dimensional vector a G A 30 . The asymptotic value of the held strength 
FA^ associated with such an elementary particle can be calculated to be 0 



(2.13) 

The asymptotic form of is then 


Q 

~ ——LabOi^ + constant. 

ZTT 

(2.14) 
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Arranging now the \I/’s into a 30 dimensional colnmn vector, one can define a new 32 x 32 
matrix A4 P 


M 


/ M + 


e2<A 

e-2'^ + + |e2<^(^^L^)2 y 

(2.15) 


where Al’’ = X, A1’’£A1 


£, and £ is a 32 x 32 matrix 



^ L 

0 

0 ^ 

c = 

0 

0 

1 


1 0 

1 

0 / 


(2.16) 


Then the action in the Einstein frame can be written as 


^ = lJ 


n + -^^"Tr (d^MCd.MC) 


(2.17) 


and is invariant nnder the 0(8,24) transformation 

M g^,u, (2.18) 

with the 32 x 32 matrix hi satisfying CQ = C. The low energy effective three dimen¬ 
sional field theory becomes then invariant nnder 0(8,24) transformations. 

As explained in [Q, this 0(8,24) symmetry may be nnderstood as a combination of the 
0(7,23) symmetry ( 1^.6|) and the SL(2,M) symmetry of the fonr dimensional effective 
action. The three dimensional theory may be regarded as arising from compactification 
of the fonr dimensional theory on a circle, i.e. consider the fonr dimensional theory to 
be obtained by compactifying the directions 4-9. The three-dimensional theory is then 
obtained by compactifying the direction 3 on a circle. Then the SL(2,M) transformation 
of the fonr dimensional axion-dilaton complex scalar field A —> (aA + b )/(cA -|- d) 

a b 


generated by the matrix 


d 


with ad — be = 1, corresponds to the following 


transformation on the three dimensional fields Ai —> VlAAVL^ 


( 


n = 


0 

h 


0 0 
0 0 
0 0 
c 0 
0 0 


0 

0 

d 

0 

0 

0 


0 

0 

0 

h 

0 

0 

0 


0 

0 

0 

0 

7i6 

0 

0 


b 

0 

0 

0 

0 

d 

0 


0 

0 

—c 
0 
0 
0 
a 


\ 


ad — be = 1 


(2.19) 
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with being a 0(8,24) transformation. The full 0(8,24) group of transformations is 
then generated from the 0(7,23) transformations ( |2.6| ) and the SL(2,R) transformation 
written above. In fact, a 0(8, 24; Z) subgroup of this group is a symmetry of the full 
string theory |Q]. 


3 The Killing spinor equations 


In ten dimensions, the supersymmetry transformation rules for the gaugini dilatino 
A and gravitino tjjM are, in the string frame, given by ^ |^, 

1 




— 2^mn 


2 


5A = --T^dM^e + 


12 


-H 


MNP 


YMNP^ 


— -^HmAbW^^ £ ■ (3.1) 

These equations become, when reduced to three dimensions in the Einstein frame, 

Sx' = . 

S\ = -^e~*d^{tj> + \ndetef„}'f^ <SlaE + 

++ F'l - y,qy]7'"'7‘ ® 

= df,e + + 7(e^„e3-e/,/3e^)a^07"^£ + ^ie'^d^enb-e'^df,ena)U ® 

4 4 o 

- e„.qri7‘'7‘ ® E“£-l[a,B„„ + l(a^8^ai 
-4AA.) ] I 4 ® £""*£ - ie-*[-C.„„FW" - alFjS’ ] lA* ® , 

Hd = -\e-*{e7a,e„,+e:‘a^e,^AA‘ ® E“£ - le-^*e7[-C„,„F«”-aiFP/]7'‘”£ 

++ l(a',S„a' - a'„d^,a'„,))YA ® E“<r 

-le-=*|e„£Fm"' + eJF<l]7'“'£ . (3.2) 

where S'lpd = denotes the variation of the internal gravitini, and where we have 

suppressed the label i indicating the supersymmetries (z = 1,..., 8) as well as the index 
A for the space-time dimensionality of the spinors (^4 = 1,..., 4) (see appendix). 
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We would now like to construct static solutions to the Killing spinor equations by taking 
the supersymmetry variations of the fermionic helds to zero. This will insure that the 
bosonic configuration so obtained will be supersymmetric. 

We will take the space-time metric to be diagonal. In all cases, with the exception of 
the one discussed in section |^, the space-time metric will be given by 


ds'^ =—V{r)dt‘^ + V(r) ^dr'^ + R^{r)d9‘^ , (3.3) 

for which 


= -2VV drW 


OJrap'y°‘^ = 0, drR'y^'^ , 


{e/^a 


—2Vdr(t>'y°^, for h = 

0 , for H = r, 

—2RW dr(j)'y^‘^ for fi = 6 . 


(3.4) 


Then, the Ricci tensor has the following non-zero components 


Rtt 


R-ee 




Y1 

'w 


V'R' 


“r ’ 


2VR 
VRR!' -V'R! R , 


and the curvature scalar is given by 

7^ = = -V" - ^ 

where V = d^V, R! = drR. 


2VR" 

R 


In all cases, we will make the following ansatz for the Killing spinors 


(3.5) 


(3.6) 


£ = e® X , (3.7) 

where = (ci, 62 , 63 , 64 ) is a SO(l, 2 ) spinor and x is a SO(7) spinor of the internal 
space. In all cases, with the exception of the ones discussed in sections || and |^, we will 
be able to solve the Killing spinor equations by imposing the following two conditions on 
e: 


7 ^e = ip 7 ^ e , 

(3.8) 

7 ^e = p ^ 7 ^ 7 "^ e , 

(3.9) 
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where p = ± , p = ± . 
It follows that 


e 





i{r,0) 


1 

p 

V -w / 


(3.10) 


and, hence, e contains only two real independent degrees of freedom, x, on the other 
hand, contains eight real degrees of freedom; thns there are a priori a total of 16 real 
degrees of freedom. These will be further reduced by conditions on y; specihc to each case 
considered. Up to three such independent conditions (m = 1, 2, 3) can be imposed on y, 
thereby allowing for the construction of solutions preserving 1/2™ of the N = 8, D = 3 
sup ersy mmet ry. 


In all cases where H^i^p = 0, we hnd that 


e 


i. 

62 


giV(r, 6 } 


(3.11) 


up to a multiplicative constant. 


4 Supersymmetric solutions with 7^ 0 


In this section, we will consider a particular class of solutions to the Killing spinor 
equations, namely solutions for which = a^La ^ 0. We will construct solutions 
which preserve 1/2™ of = 8, D = 3 supersymmetry, where m = 1,2,3. The solutions 
are obtained with = 0 and = 0. 


We will hnd that the space-time metric (|3.3|) is given in terms of 


U = 1, i? = a 2 ^ 


(4.1) 


and that the dilaton is given by 

e2<^ = r-'^ 


(4.2) 


where 


2 

n + 1 



(4.3) 


By the coordinate transformation r = (^)t (alnr)^ , 1 < r < oo, the associated space- 
time metric can be put into the form 


ds^ = —dr 


I - 

+ a- (j 


2(2-7) 

I 7 


(Inr 


2(2-7) 

7 


(dr^ -I- r'^dO'^). 


(4.4) 
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This differs from the line element associated with conical geometries 
The curvature scalar, IZ = is computed to be 


^ = 7(1-J)4 = 


2n 


2 (n + 1)^ 


(4.5) 


4.1 Electrically charged solutions 


We will first consider the case where the internal vielbein is diagonal and given by 
We will also take 0 = 0(r) and Bmn = 0. 


The Killing equations (|3.2| ) reduce to 


Sx' = , 


Sip^ = K,xos 7“'’£ + - e„je;)c)ri#'7“'’£ 


1 




Using (|3.3|), as well as (|3.4|), we get 


, 


(4.6) 




(4.7) 


(5A = -^e '^d^{0 + lndete^}7''e +® , 

5i^t = -\[VVdrVv + Vdrct>W^e - ® E“£ , 

5^|Jr = dre-\e-^KFSl-e^aFli^^]^^^^®^^e , 

S'lpe = dee — ^[VVdrR +RVVdr(j)]'j^‘^e , 

SiJd = In el7''7" ® d = 1,... 7. 

In the following, we will set = 0, / = 1,..., 16. 

We take the Killing spinor £ to be given by (|3.7| ). 

Let us now determine how many electric charges can be non-zero. Let us assume that 
= VX- Since (S“)^ = 1, rj = ±1. Suppose now that we also have = 7X with 
a ^ b. Then, E“E^y = y. Since however (E“E^)^ = —1 (for a ^ b), we must have 
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X = ±*M Xi where = I. Therefore the above assumption a 7 ^ 6 is not valid. So, 
out of the 14 remaining electric charges, only two are non-zero, one of them arising from 
the Kaluza-Klein sector and the other from the two-form gauge helds. 


For concreteness, we choose a = 2, and hence, the two non-vanishing charges are 02 and 
ctg (see equation |2.13|) . Note that c? 7 ^ 0. 

We now set T?x = X- Then 

5A = -^e-‘^a40 + lndete^}^7^£-, 


6lfjr 

S^Je 


-[WdrW +Vdr(j)] Jx\ - -e-^Vv[^^FSl - , 

drS + fSI - , 


dsS — - [Vv drli + RVV Bril'] J > 


(4,8) 


3^2 = ^e-^^[V^F^S + ^/^2FB^^]Jxh-h-^VVdr\n^2lVe, 

S'lpd = ■ 


In order for the equations to be compatible, we will impose conditions (|3.8| ) and ( p.9|) on 
the four-dimensional spinor £. 

Setting the variations of the supersymmetry equations to zero, we have 


dr{(t) + In det 
\/V ^dr \tiV + dr4>\ 

'SpV dr In G 22 

dr e 

dee 

Gdd 


-Pe-*V^FSl , 
|e-qyfeF,7-7G«F,gj , 

-|e-*l7G^F,<3 + vW7'b . 
\ ^ iFFPlr’^ - V^fIS] i , 

~[VvdrR +R'/VBr'ti]i , 

constant, d ^ 2 . 


Fl'om (14-101 ). (14.13 ) and (H-1311 . one has 


t?r C — 1 [l(?r In r + drp] 6 — 0 , 

da e + (p 1 [WdrR + RWdr4>] e — 0 . 


(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 
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In order for these equations to be compatible with respect to the mixed derivative 
we need to impose ■^[\/VdrR + R\/Vdr(t)] = 0. In the following, we will set [\/VdrR + 
R\/Vdr4>\ = 0, and hence des = 0. Then it follows that 

R! 


dr(j) = — 


R 


R = ae 


(4.17) 


so we 


We note here, however, that if the spinor were to have a phase of the form r] would 
have to be {2n + l)/2 (with n integer), such that pT| 

would need to have [VVdrR + R\/Vdr(j)\ = —{2n + l)p. 

We take the two electric helds to be given by 

^(l)m _ 1 


tr 


p( 2 ) _ 

^ trm 


27r R 
1 6^7 


/^22 ^ 

G (X 2 , 

G22 ttg 5 


m = 2 , 


(4.18) 


which is consistent with the asymptotic behavior given in (|2.13|) . 

We now look for solutions with the internal metric G 22 constant, noting here that a more 
general internal metric could be generated by 0(7,23) rotations from this one. Then 


equation (|4.11|) can be solved by 


= -\lG22R 


41)2 


>'22 J^tr 


_ “2 

0-22 — - 

ag 


(4.19) 


It follows that 0)2 and ag have opposite signs. We will in the following denote the signs 
of 0 ) 2 , ttg by r]a^, 7]a^. 

It further follows by inspection of (|4.10|) , (|4.11|) and ( ^I^ that drVV = 0, thus 17 is a 
constant which we set equal to 1. 

One can now solve straightforwardly for cj) from (^4.9|) and ([4.10|) . By doing so, we hnd 
that p = —rja 2 as well as 




|r — ro| 


R=-yV-^ol ^ =-V|a2a9 


TT 


(4.20) 


where rg and c are integration constants which will be set to zero and one, respectively, 
from now on. 

Note that the coupling constant —>> 0 as r —cx). 

The space-time metric is then of the form 

ds^ = -dt^ + + aV dO"^ (4.21) 

or, equivalently. 


2 , a /^Inr^ , - 2 ^ 02 ^ 


ds^ = -dR + ^ {dR + RdOR , 


(4.22) 
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where r = ^(Inr)" 


The behavior of the spinor e can also be determined. We have from ([4.151) and ([4.16|) 


which can easily be solved by 


dr e — -dr4> ? = 0 , 
806 = 0 , 


± - 1/4 

e = 62 = r ' 


(4.23) 


(4.24) 


up to a multiplicative constant. The existence of such a Killing spinor is made possible 
due to the cancellation of holonomies, that is due to a cancellation between the spin 


connection and a term involving the dilaton (see equation ([4.16|) ). 

This solution preserves 1/2 of the N = 8, D = 3 supersymmetry. 

Computing the curvature TZ = we have TZ = ^ which blows up at r = 0 but 

goes to zero at r —>• cx). 


Let us now consider the equations of motion (|2.10|) : 

TZtt - 






TZeg — 


dr<pdr<P + ^e-^^F!:f{LML)aaF^^^'> - 

-Tr {drMLdrML) = {dr(t)f , 

8 


1 




(02)^ + \JG22 (ttg)^] 


(4.25) 


Using now (|3.5|) , it can be checked that our solution ( 4.20 ) solves the equations of motion. 


4.2 Soliton solutions preserving = 4 snpersymmetry 
4.2.1 Case 02 7 ^ 0, og 7 ^ 0 

Here, we will discuss the soliton solution which is obtained by dualizing the charged 


solution discussed in subsection [4.1| . That is, we will utilize the 0(8,24) transformation 
12 given in ( |2.19|) to generate the dual background M ^ A4 = QA4Q^. We will, for 
simplicity, set the transformation parameter d to d = 0 in the following, so that be = — 1 . 

Recall that the bosonic background helds of the charged solution discussed in subsection 
4T| are given by 0, (Gmn) = diagonal (On, G 22 , • • •, O77), G22 = |a2/a9|, = 0, = 
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0 and = (0, ^^ 2 , 0,..., 0, d'g, 0,..., 0) 
dual background fields are then given by 

/ Q ... Q \ 

q21 G22 q ... Q 

0 0 o--- ; 


G-^ = 


0 


0 


= (0, -£ ag , 0,..., 0, 02 ,0,..., 0). The 


f 62 g 2 <^ - be ‘^^'^2 0 ■■■ 0 \ 

-be^^^2 G22 + e2'^T2 0 ■■■ 0 

0 0 G33 O--- i 

0 G^7 ) 


B = {Bmn) = 


( 0 
B 2 I 
0 


Bi2 0 
0 

0 


as well as 


32 ^ = c^G'i 


T = 



V 

0 


■■ 0 ^ 


^ 0 - 

0 

CD 

0 

0 



cTg 

0 


= 

0 

0 : 

oy 


V 0 

0 j 

( ^ 


i —ajc ^ 


T 2 


0 



= 


, = 0 

Tg 


0 


V ^ ) 


^ ^ ) 



(4.26) 


(4.27) 


Note that the associated gauge field strengths are all zero for this solitonic solution. 
The internal inverse vielbein e™ associated to ( [4.26|) is given by 

( be’^ —e'^T2 0 ■ ■ ■ 0 \ 

0 0 ■■■ 0 

0 0 o--- : . (4.28) 


— 


0 


0 I 


Note that the space-time metric is duality invariant and hence given as before (see ([4.21|)). 


Next, we would like to determine the Killing spinor associated with the soliton back¬ 
ground (|4.26|). The Killing spinor equations (^.2|) now take the form 


= 0 , 

5A = -^e-^a^logdete^7^£-f-^e-^a^5^„7^®E”^"£ , (4.29) 

Hi, = F ^(e”5^e„b - , (4.30) 
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H’d = -ie-*(e7a^e„„+eTa„e„j)7'‘7‘‘® S“£ + ie-*e7e:8^B„„7'‘7‘‘®S“£. 


(4.31) 


The Killing spinor e = e ^ x will be taken to satisfy (|3.8|) and (|3.9| ). For the solitonic 
backgronnd nnder consideration, the vanishing of the Killing spinor eqnation ( 4.29 ) then 
yields 


22 


/7t 

dr log det + b — —e'^deBi 2 x‘^T}‘^e = 0 , 

it 


(4.32) 


which can be solved by demanding that the Killing spinor e = e® x should also satisfy 


12 • _i_ 

s X = q'^x , ? = ± 


(4.33) 


Then, equation (|4.32|) turns into 


\/Q‘22 

p dr log det e'^ + bq — —e'^deBu = 0 , 


R 


(4.34) 


which is indeed satished, provided one takes q = —ppa 2 ^ where Pa 2 denotes the sign of 
the charge 02 , Pa 2 = sign 02 . 

Next, consider solving the Killing spinor equations (|4.30|) . We will again make the ansatz 
that the Killing spinor is static, that is £ = e{r,6). Then, the equation Sipt = 0 is 
automatically satished. The condition S'lpr = 0, on the other hand, yields 


drE = 0 


Finally, the condition Sijjg = 0 results in 


dee - -drRx^h + -^2e'>^de^2R}h --V^e^dg^siT}h = 0 


2 ' 4 

Inserting the conditions (^) and 


into (|4.36|) yields that 


des = 0 . 


(4.35) 


(4.36) 


(4.37) 


Thus, it follows that the Killing spinor e: is constant. 

Finally, it can be checked that the Killing spinor equations (|4.31|) for 5'ipi and 5'ip2 are 


also satished. 

The solitonic background under consideration preserves 1/2 of iV = 8 supersymmetry. 
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4.2.2 Case ai 7 ^ 0, «§ 7 ^ 0 


Next, we will discuss a different soliton solution, which will be obtained by 
dualizing a charged solution with bosonic background fields 0 , (Gmn) = 
diagonal(Gii,... ,^ 77 ), Gn = lai/asi, B^n = 0 , = 0 and = 

(d'l, 0,..., 0, d's, 0,..., 0) = (-£ as , 0,..., 0, ai, 0,..., 0). This charged solution 
is similar to the one discussed in subsection El 


The dual background fields can be read off from M = where kl is again given 

by ( p.l9| ). We will, for simplicity, set the transformation parameter d to d = 0 in the 
following, so that be = —1. For this choice, the dual background fields are given by 
B = (B^n) = 0, d^ = 0 , 

0 \ f c2 fe-2'^ + GiiT?') 0 0 ■■■ 0 \ 

0 


f G 


G = 


11 0 0 ■ ■ ■ 

0 ^22 0 ■ ■ ■ 
0 0 G33 O--- 


V 0 


0 G 77 J 


0 

0 


0 0 

G 22 0 ■ ■ ■ 

0 G 33 0 ■ ■ ■ 


0 


G77 J 
(4.38) 


as well as 




T = 


( ^ 


^2 


^7 

= 

Tg 


Tg 


V : ) 



f a I A \ 

Vc c2(Gii+e2<#'^^) 


0 

Ts 

0 


V 


. (4.39) 


/ 


Note that 0 now depends on both r and 9. 

Next, we would like to determine the Killing spinor associated with the soliton back¬ 
ground (|4.38|) . The Killing spinor equations ( p.2|) now take the form 

= 0 , 


dA = ~e ^a/,{0 + lndete^}7^e + (2) 


(4.40) 


1 


72 ) 

''a ^ 


J- 


uu J / / 




(4.41) 
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® S'e - . (4,42) 


Note that in ([4.42[) there is no summation over d. 


We will again take the Killing spinor e = e (8) x to satisfy (|3^) and (|3.9| ). Hence, e is 
given by (|3.10|) . 

Using that 

= -^dg^s , = -^dg^i , = -GnRdr^i , (4.43) 

JrC tC 

it can be checked that the Killing spinor equation 5A = 0 is satisfied provided that 

= X , P = Vas , (4.44) 

where rjag = as/lctsl denotes the sign of the charge as- Similarly, it can be checked that 
the Killing spinor equation dipi = 0 (eq. ([4.42|)) is satished. 


Next, consider solving the Killing spinor equations (b:.41|) . We will again make the ansatz 
that the Killing spinor is static, that is £ = e(r, 9). Then, the equation S'lpt = 0 is satisfied. 
The condition S'lpr = 0, on the other hand, results in 


~ .pi e‘^‘l’^ide'^1 VasV^ 1 '^idg'^i 
Or loge = z- -^ wrr-—vrv-TT + 


2a y/r 

whereas the condition dz/jg = 0 results in 


2a r2 Gii + 


(4.45) 


dg log e = -i 


.p a G 


11 








(4.46) 


4 Gii + e2<^Tf 4 G^^ + ' 

Clearly, the solution to both ( 4.45 ) and ( |4.46| ) will be of the form loge = X + iY with 
real X and Y, namely 


e = 


Y = 


VasP . (Vasa 0 

-arctan ' 


2 


(4.47) 


up to a multiplicative constant. Comparison with ( [4.24| ) shows that, whereas the form 
of X was to be expected on the grounds of the replacement 0 —>• 0 under duality, the 
duality transformation A4 ^ M = QA4Q^ actually also produces a complicated phase 

K. 

Note that when r —»• cxo, the Killing spinor approaches a constant value given by 

(c2G^^)5e^4fU. (4.48) 


This solitonic solution preserves 1/2 of iV = 8 supersymmetry. 
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4.3 Soliton solutions preserving N = 2 snpersymmetry 


In this subsection, we will consider soliton solutions preserving l/4ofiV = 8,D = 3 
sup er symmet ry. 


A particular class of such solutions can be obtained by combining certain features of 
the electrically charged solutions, discussed in subsection H. and of the solitonic solu¬ 
tion discussed in subsection [4.2.1| . Namely, we will make the following ansatz for the 
background helds G~^ and B, 



G12 

0 

0 ■■■ 

0 ^ 


f P{r) 

-p{r)r 2 

0 

0 

■■■ 0 \ 

G21 

G22 

0 

0 ■■■ 

0 


-P{r)r2 

l^J + Piprl 

0 

0 

... 0 

0 

0 


0 ■■■ 



0 

0 


0 


0 

0 

0 

G^^ 0 



0 

0 

0 

^44 

0 ; 

V 0 



0 

G^y 


1 0 




0 



/ 

0 Bi2 

0 ■■■ 

o\ ( 

0 Tg 0 ■ 

■■ 0 

\ 



B = {Bmn) = 


B 2 I 

0 


V 0 


where 


0 ; 


-To 0 


0 ; 


(4.49) 


f{r) = Dr-2 , T2 
We will also take 


■7^«9 , Tg — — — 02 

271 271 


^44 ^ I 0^11 I 

04 


(4.50) 


g20 ^ ^-/3 


^ = 


'hi 

^2 

'hs 

4^4 

^'lO 

'hii 

'hi2 


0 

0 

0 


0 

0 


iL = 0 


(4.51) 
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For the space-time metric we will make the ansatz 


ds'^ =—dt'^ + dr"^ + {r) dO'^ , R{r) = ar^ 


(4.52) 


The constants D, f3, j and p will be hxed below. 

The internal inverse vielbein e™ associated to ( [4.49|) is given by 

( fir) -fir)T, 0 ■■■ 0 


= 


V 


0 

0 

0 

0 


OL9 I 

CL2 I 


0 


0 

0 


0 


Q:il 

04 


(4.53) 


0 y 


Next, we wonld like to determine the Killing spinor associated with the soliton back- 
gronnd (|4.49|) . The Killing spinor eqnations ( p.2|) now take the form 


d\ 


= 0 , 


+ Indet ® 


(4.54) 




OlPc 


^ab. 


1 

V 




(4.55) 


d'fd = 


+ ei”F£)„]7'“-£ . (4.56) 


As before, the Killing spinor e = e®x will be taken to satisfy ( p.8|) and (|3.9| ) and, hence. 


also (|3.10|). The Killing spinor eqnation 5A = 0 can be solved by demanding that 


= ? i , E'X' = X , ? = ± . 


(4.57) 


Note that the condition ( |4.57| ) rednces the degrees of freedom of £ to 4 real degrees of 
freedom, and thns the solitonic backgronnd nnder consideration preserves 1/4 of iV = 8 
snpersymmetry. Then, the Killing spinor eqnation 5A = 0 is solved provided that 


7 vra 

P = 1 , p = l-- , T> = 7 ^^= , vra =-V|a4aii| 
^ ■l\a2aP P 


(4.58) 
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as well as q = —pria^ and p = pan , where rja^ and denote the signs of the charges a 2 
and an, respectively = -pa 9 ,Vai = -han)- 


Next, consider solving the Killing spinor equations (|4.55|) . We will again make the ansatz 
that the Killing spinor is static. Then, the equation 6 'ipt = 0 is automatically satisfied. 
The condition 6 ipr = 0, on the other hand, yields 


dr log e = -drcj) 


(4.59) 


Finally, the condition 6 i/j 0 = 0 can be solved by setting 


/9 = 2(1-7) 


(4.60) 


Then S'lpg = dge = 0 and, hence. 


e = 62 


(4.61) 


up to a multiplicative constant. Comparison of ([4.58|) and ( [4.60| ), on the other hand, 
yields that f3 = p = p = 2/3. Thus, it follows that 


/"(r) = ZlV-3 


D = 


0^40^111 

|ct2«9| 


— 

R{r) = ar 3 
3 


= r~^ 


a = 


271 


0.4.0.11 


(4.62) 


Then, finally, it can be checked that the Killing spinor equations St/i = 0, 67/2 = 0 and 
67/4 = 0 (eqs. (|4.56|) ) are also satisfied. 

Other solitonic solutions preserving 1/4 of iV = 8 supersymmetry can be obtained by 
applying the 0(8,24) duality transformation 


/ Jo 0 0 


n = 


'2 

0 a 
0 0 
0 0 
0 0 
0 0 
0 0 
0 c 
0 0 


0 

h 

0 

0 

0 

0 

0 

0 


0 

0 

0 

J2 

0 

0 

0 

0 

0 


0 

0 

0 

0 

d 

0 

0 

0 


0 

0 

0 

0 

0 

/3 

0 

0 

0 


0 

0 

0 

0 

0 

0 

-^16 

0 

0 


0 

b 

0 

0 

0 

0 

0 

d 

0 


0 \ 
0 
0 
0 

—c 
0 
0 
0 
a 


ad — be = 1 


(4.63) 


to ([4.49|). We will, for concreteness, set a = d = 0,b = —c = 1 in the following. The 
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resulting dual background fields G ^ and B are then given by 


/ 

0^2 

0 

0 


0 \ 


/ G 

11 

G12 

0 

0 



\ 

^21 

G22 

0 

0 


0 


G21 

G22 

0 

0 



0 

0 

0 






0 

0 

e20 

-e 2 '^T 4 




0 

0 


^44 

0 



0 

0 


G44 ^ g20^2 

0 


V 0 




0 

G"" ) 


V 0 




0 

G ^7 ) 


( ° 

Bi 2 

0 



0 ^ 


( 

0 

CD 

0 

... 0 

\ 




B 21 

0 







-Tg 

0 






0 


0 

.B34 

0 




0 

0 

Tn 0 




B = 

0 


.B43 

0 



— 


0 

-Til 

0 ; 







0 







0 






1 0 





oy 


\ 

0 


0 

) 




as well as 


^ ^ a^ = 0 . (4.64) 

Note that the dual dilaton field 0 is constant. 

It can be checked that the associated Killing spinor equations are satisfied by a constant 
Killing spinor e = e® x provided that 

T}‘^X =-'iPVc.2X , =-'iPVaiX , (4.65) 

where, again, rja 2 and rja^ denote the sign of the charges and 0 : 4 , respectively. 


4.4 Soliton solutions preserving N = 1 snpersymmetry 


It is now straightforward to construct solutions which preserve 1/8 of D = 3, iV = 8 
supersymmetry. 


One class of solitonic solutions preserving l/ 8 ofZl = 3,iV = 8 supersymmetry is given 
as follows. The background fields are given by 


e 


m 

a 


f Mr) -/ 2 (r)n 0 

0 0 fi{r) 

0 0 0 

0 0 0 

0 0 0 

0 0 0 


0 

0 


-/4(r)T4 



0 

0 

0 


0 

0 

0 

0 


0 0 \ 
0 0 
0 0 
0 0 
0 0 
0 

0 ) 


(4.66) 


V 


21 


0 

0 



/0 5i2 0 0 000\ 


B = 


B 21 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 


0 

0 

-B43 

0 

0 

0 


0 

-B34 

0 

0 

0 

0 


as well as 


g2(/> _ ^-7 


^ = 


0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 y 


( ^i\ 

^6 

^7 

^8 

'^13 

^14 

^15 


( 0 
-Tc 
0 
0 
0 
0 
0 


Tg 

0 

0 

0 

0 

0 

0 


( 0 \ 


® rv 

■^ai4 


271*^7 


Here 

T 2 
G 77 
as well as 


-Og , X 4 — 

27r ’ 

I I 

a 14 


a2ttg| 


0 

0 

0 

-Tn 

0 

0 

0 


0 

0 


0 0 0 \ 
0 0 0 


Tn 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 y 


= 0 


0 T - ^ T 

■ —«11 , Tg — — — 02 , Til 
/TT /TT 


- a A 

271 


/2 — D 2 r '2 , D 2 — 


h = D^r 2 ^ D^ = 

The space-time metric is given by 

ds"^ = —dt^ + dr"^ + R^dO^ , R = ar^~^ 

where 


a = 


7 71 


^=2 


The associated Killing spinor e = e® x satishes (|3.8|) and (^.91) with 


(4.67) 


(4.68) 


(4.69) 


(4.70) 


(4.71) 


6 = 


e2 




(4.72) 
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as well as 


= iqx , = iqx , S^x = X , g = ± , ? = ±, (4.73) 

where p = r]a^^,q = -pr]a 2 and q = -ppa^ {pa^ = -h« 9 ,h «4 = -h«ii,har = -h^w)- 

Another class of solitonic solutions preserving l/8ofZi) = 3,iV = 8 supersymmetry is 
given as follows. The background helds are given by 


/ Ur) -UrU2 0 0 0 0 0 \ 

0 0 0 0 0 0 

0 o" Ur) -/4(r)T4 0 0 0 
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as well as 


/2 

= D 2 r-i , 

1 ^2 — j 

V 

0)70)14 

|o) 20 )g 1 

h 

= r -2 , 

. — r 

vl 

0)70)14 

0^40^11 

h 

= 7^6 r-i , 

1 — r 

vl 

070)14 

0)60)13 

The space-time metric is given by 




ds'^ = —dt^ + dr‘^ + I^dO^ , R = ar^ 2 


where 


a = 


7 TT 


0^70^14 I 


7 = 


The associated Killing spinor e = e® x satishes (|3.8|) and ( p.9|) with 


e = 


e2 




as well as 


(4.77) 


(4.78) 


(4.79) 


(4.80) 


= iqx , = nx , ^'’“x = iqx, s'x = x, ? = ± , ? = ± , ? = ±, (4.8i) 


where p = = -prja^.q = -PVa^ and q = -prja^ ( 7^2 = = -hamhae = 

hoi3’h«7 7014 )- 


5 Supersymmetric solutions with = 0 


In this section, we will consider a particular class of solutions to the Killing spinor 
equations, namely solutions for which = a^La = 0. We will construct solutions 
which preserve 1/2”^ of = 8 , D = 3 supersymmetry, where m = 1,2,3. The solutions 
are obtained with = 0 and = 0 . 


We will hnd that the space-time metric (|3.3|) is given in terms of 

I/ = l, R = ar^-"^ , 

and that the dilaton is given by 


( 6 . 1 ) 


= r-’’ 


(5.2) 
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where 


7 = 


n + 2 


a = 


\ai\ 

27r7 


(5.3) 


By the coordinate transformation r = ( 7 )^ (alnr)T' , 1 < r < 00 , the associated space- 
time metric can be put into the form 


2 . 2 ( 1 - 7 ) (Inr) 


2 ( 1 - 7 ) 


ds^ = -de + (7)^ ^ (dr^ + f^de^). 


The curvature scalar, IZ = is computed to be 

, 1 4n 1 

Tl = 27 ( 1 - 7 )^ = 


{n + 2)2 r2 


(5.4) 


(5.5) 


5.1 Electrically charged solutions 

We will be solving the same Killing spinor equations subject to the same assumptions as 
in subsection where in addition we take Og = 0. 

Looking back at (O), with og = 0, i.e. = 0) 'w® have dr(j) = —dr In \/G 22 - From 


( [4.161 ) we still have dr(\> = —dr Ini?. 

These relations can be satished with the following ansatz 


^22 = de-\ 


R = ae 


where d is an integration constant that is set to one in the following. 

We can now solve equations ([f.lOj) , (|4.11|) and hnd, (with again K = 1), 


G 22 — 


D ® i 
it = - r3, 

c 

g29) ^ 


a 

73 


3pa2 

dvr 


where pa 2 = — 1 « 2 | and where the integration constant c will be set to one. 
The space-time metric is now of the form 


= —dF + dr"^ + r 3 dO"^ 


or, equivalently. 


ds^ = + — (!tr) (df 2 + f _ 


(5.6) 


(6.7) 


(5.8) 


(5.9) 
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where r = 

The dependence of the spinor in terms of 0 is the same as before 

dr i — -dr4> e = 0 , 
de e = 0 , 
or 

~ ^ _ 1 
e = e2 = r 6 . 

These electric solutions preserve again 1/2 of the N = 8 supersymmetry. 


(5.10) 

(5.11) 


5.2 Soliton solutions preserving = 4 supersymmetry 

Now we discuss the soliton solution which is obtained by dualizing the charged 


solution discussed in subsection |0| , with one electric charge only (og = 
0). The bosonic background helds of the charged solution are given by 
0 , (Gmn) = diagonal(Gii,G 22 ,... ,<^ 77 ) ,(^22 = = 0 , = 0 and = 

(0, 0, 0,..., 0, Tg, 0,..., 0) = (0, 0,0,..., 0, —^ 0 ) 2 ,0,..., 0). We will utilize the 

0(8, 24) transformation given in ( p.l9|) to generate the dual background M. —>■ . 

We will for simplicity set the transformation parameter d to d = 0 in the following so 
that 6c = —1. The dual background helds are then given by 



0 

0 

0 ^ 


( 

,20 

0 

0 

0 


0 G22 Q 

0 


0 

G22 0 ■ ■ ■ 0 

= 

0 0 G33 Q... 
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0 

0 G33 O--- i 


1 0 

0 

G^^ j 


V 0 

■ ■ ■ 0 G^^ y 



( 0 512 0 ■ ■ ■ 

0 ^ 


^ 0 

-cTg 0 ■ ■ ■ 0 ^ 



B21 0 




cT 

9 0 

B = {Bmn) = 

0 0 


= 

0 

0 ; 



1 0 


oj 


1 0 

0 j 

as well as 











( ^ 


^ —ajc ^ 





^2 


0 



= c^G'i 

, T = 


= 



, d^ = 0 . 




Tg 


0 





1 ^ ) 


1 

) 



(5.12) 


(6.13) 
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The associated gauge field strengths are again all zero for this solitonic solution. 
The internal inverse vielbein e™ associated to ( b.l2|) is given by 

( he^ 0 0 ■■■ 0 \ 

0 0 ■■■ 0 

0 0 O--- ; . (5.14) 


gm = 


\ 


0 


0 / 


Note that the space-time metric is duality invariant and hence given as in (|5.8|) . 

The Killing spinor equations in the new background ( b.l2| ) are of the same form as in 
equations (|4.29|) , (|4.3(]|) and (|4.31|) . It is easy to check that the Killing spinor will be of 
the same form as before with the same conditions ( |3.8|) , ( p.9|) and ( |4.33|) to be satisfied. 

For the solitonic background under consideration, the Killing spinor equation (|4.29| ) then 
yields 


p dr log det + 6 g 


R 


e^l'deBu = 0 


(5.15) 


which is satisfied, provided one takes q = pp. 

Next, consider solving the Killing spinor equations (|4.3CI|) . The Killing spinor being static, 
the equation d'lpt = 0 is again automatically satisfied. The condition 6 ijjr = 0 yields again 


drS = 0 . 


Finally, the condition S'lpe = 0 results in 


dee — -drR'y^'^e — = 0 , 


from which it follows again, if pp = q, that 


des = 0 . 


(5.16) 


(6.17) 


(5.18) 


Hence the Killing spinor e is constant. 


Finally, it can be checked that the Killing spinor equations (|4.31|) for dijji and 6 'iIj 2 are 
automatically satisfied. 

The solitonic background preserves 1/2 of iV = 8 supersymmetry. 
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5.3 Soliton solutions preserving N = 2 snpersymmetry 


We take the following ansatz for the background helds G ^ and B 


where 


n 2 

W = 77 


D/^ — 1, Xg —-O 2 

’ ^ 271 


We will also take 
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(-Smn) 
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0 
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0 J 


1 
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0 j 



= 0 


For the space-time metric we will make the ansatz 

ds"^ =—dt^ + dr"^ + (r) , R{r) = a 


(5.19) 


( 6 . 20 ) 


( 6 . 21 ) 


(5.22) 


The constants Di and 7 will be hxed by the Killing spinor equations. 

The Killing spinor equations ( p.2|) now take the form 

= 0 , 

5\ = -^e“'^a^{0 + lndete^} 7 ^e +, (5.23) 














(5.24) 


+ \e-^ e^naFl])^ ® S“£ - ^d^BmnTT^e , 

= -^e"'^(e™5^ema + e^9^emd)7''7^ ® s“£ + ® S“e: 


1 




(5.25) 


The Killing spinor e = e®x will be taken to satisfy (|3.8|) and ( |3.9| ) as well as X = ^QX 
and X = y. 


pqx2na 

02 


The condition 5A = 0 (|5.23|) then implies 

D 1 D 2 = - 

while S'lpe = 0 in ( |5.24|) gives the condition 

Pa(l - ^7) + ^^1^2 = 0 . 

These last two equations yield 7 = |, whereas S'lpi = 0 (|5.25|) gives the relation 

0^4 


a = 


27r7p 


(5.26) 


(5.27) 


(5.28) 


Since this last quantity is positive, this implies p = —pa 4 , where pa^ denotes the sign of 

0 ( 4 . 

The above shows that we can then take 


Di — D 2 — 


pqx2na h27ia 


0(2 


0(2 


(5.29) 


with -pq = 7 „ 2 - 

This solution preserves 1/4 of = 8 supersymmetry. 


5.4 Soliton solutions preserving iV = 1 snpersymmetry 


It is now straightforward to construct solutions which preserve l/ 8 ofZl = 3,iV = 8 
sup ersy mmet ry. 


One class of solitonic solutions preserving l/8ofi7 = 3,iV = 
as follows. The background fields G~^ and B are given by 
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8 supersymmetry is given 
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where 


/O^iaOOO 00\/0 TgOO 0 0 

^21 0 0 0 0 0 0 -Tg 0 0 0 0 0 

0 0000 00 0 0000 0 

0 0000 00 = 0 000 0 0 

0 0 0 0 0 ^56 0 0 0 0 0 0 Ti3 

0 OOO^esOO 0 000 -T 13 0 

VO 0000 OO/VO 000 0 0 





= X , 

= iQX, Q = , 

= iQX, q = -PVa6 , 


(5.30) 

(5.31) 

(5.32) 

(5.33) 

(5.34) 

(5.35) 
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which shows that the background preserves 1/8 of the N = 8 supersymmetry. 

Note that equation ( ^.331) yields that 7 here is |. 

Looking back at Bmn we notice now that we can add one more block with = —Bj^ = 
Ti 4 = —^ a^. The Killing equations will imply a further condition on y, 

= Q = -PVar- (5.36) 

Furthermore 7 = 1/3 and DsDj = —pq We note that the condition (|5.36|) does not 
break any additional supersymmetry, and hence this solution also preserves 1/8 of the 
N = 8 supersymmetry. 


6 The compactified cosmic string solution 


In [^, Sen constructed a particular three-dimensional solution by considering the funda¬ 
mental string solution of the four-dimensional theory and by winding the direction 
along which the string extends once in the third direction. As shown in , this solution is 
related to the cosmic string solution of 1^^ by a 0(8,24;Z) transformation. Other three- 
dimensional solutions with internal winding can be obtained from the four-dimensional 
string solutions given in . 

The fundamental string solution in four space-time dimensions is known to have partial 
space-time supersymmetry [^. Here, we will presently construct the Killing spinor 
associated with the particular three-dimensional solution mentioned above. 


The field configuration representing a fundamental string solution winding once in the 
third direction is described below, following [@. 

The three-dimensional space-time metric is now of the form 




—dt^ -I- A2 {dr'^ -I- 
—dt^ -f A 2 dzdz , 


( 6 . 1 ) 


where 2 ; = re*® is the complex coordinate labelling the two-dimensional space. The scalar 
fields are e~^‘^ = A 2 , T = = — Ai and Gu = e^'^. From (|2.11|) , the only non-vanishing 

field strength is 


_ 4(f> al3'r 

{lUl ^ ^ 




( 6 , 2 ) 


It will turn out to be convenient to combine Ai and A 2 into a complex scalar field S = 
Ai -|- iX 2 . Here, as opposed to the previous cases, we take T and 0 to depend on both r 
and 6 . 
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With these assignments the Killing spinor eqnations take the form (where now = x); 

6X = -{dr4>'y^ +-de4>'y'^) e + J'j^ e , 

r 2 r 

6i)t = -^e'^(-9r07^ + -5007^) + + , 

/ r 4 r 

1 

dijjr = dr£-^ —5e^7V^ , 

4 r 

d^Je = dee - ^ 7 ^^£ + ^ 7 ° 7 ^e , 

5^/^! = -^(5^07^ +-9007^)7'^e: - +-^ 0 ^ 7 ^) j£ . (6.3) 

2 r 4 r 

Compatibility of the form of e for 5A, 5^’* cind S'lpi can be achieved by imposing e = 
ia e, which yields 


feA 



£2 


£2 

es 


—iaei 

V £4 j 


-iae2 ) 


where a = ±. 


Eqnations (5A, ^md 6'ijji are actnally eqnivalent to each other and can be written in 
the form 

6X oc d/j^S'y^ e (6.5) 

with S = —d' + provided that a = +1. 


The eqnation 5X = 
z, therefore dzS 


motion (| 2 . 8 |). 


0 can be solved by assnming that S' is a holomorphic fnnction of 
= 0. Note that a holomorphic fnnction S{z) solves the equation of 


Then, 5X oc dzS 7 ^ e = 0, which can be solved by setting 7 ^ e = 0. 


By using that 7 ^ oc 7^(1 + i) — 7^(1 — i), one hnds 


feA 


( ^ 1 

£2 


i 


= e 


£3 


—i 

) 


[ 1 J 


( 6 . 6 ) 


The remaining equations to be solved are then S'lpr = 0 and Sipe = 0. We hnd 

1 

dre + - — de^ e = 0 , 

4 r 

del — I = Q. (6.7) 
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The holomorphicity of S implies the relations 


r 


ds't = , 


( 6 , 8 ) 


which we use to solve for the spinors completely: 


S. L0 

e = e2 62 . 


(6.9) 


The above solution breaks l/2ofiV = 8,Zi) = 3 supersymmetry. 


7 String solutions with Hn^p 7 ^ 0 


Here we show how the Killing spinor equations ( p.2|) determine a three-dimensional solu¬ 
tion with a non-vanishing and a non-constant dilaton (other solutions with non-zero 
Hp^p have been considered in |^, |38|). 

We consider a solution without gauge fields and with constant internal metric Gmn- We 
will take H^^p = a/— where p is an integer, in the Einstein frame. We will take 
the space-time metric to be of the form (|3.3|) , and we will also take 0 = 0(r). 

The Killing spinor equations reduce to 


5x = 0 , 

6 X = ~e~'^dp{(l) + \ndete'^)'y^e+, 

= dpE + - eppe'Qd^(j)'y°‘^e - He 


= -^e ‘^{e'^dpema + e'^dpeynd)YY 


By using identity (|A.11|) of the appendix, these equations become 
= 0 , 

5X = — + Indet e((^)\/K 7 ^ 6 -I-Je , 

= ^[770,717+1/0,0] 77^6 +Tea J7° 6 , 

50, = dre--e^-^'^^^JYe , 

4 77 

500 = 006-^[770,i? + /2770,0] J7°6-J 77 . 


(7.1) 


(7.2) 
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Compatibility of the spinor e = e®x within these equations is obtained by demanding 


7 ^e = a J e , a = ±, 

7 ^ e = —a 7 ° e . 


(7.3) 


Then, one has 

SX = —^ae~'^dr{(l) + liiidete‘^)VVJe + ^e^^~^^'^AJe , 

Sipt = —^a[VvdrW+Vdr4>]J''y'^e + ^e^^~'^'^'^VVAJx'^e , 

5'ipr = drS— , 

4 ^ ’ 

5iJe = dee-]^[VVdrR + RVVdr(t)\Ji^e + je^P-^'^'f>RKJx^e . (7.4) 

For a = +1 the spinor e is of the form 




(eA 


( ^ ^ 

£2 


0 

= £ 

0 

es 


63 


1 

V 64 


1 0 J 


loj 


(where we have imposed ei = €3 in order to reduce the degrees of freedom contained in e 
to the degrees of freedom contained in a two component spinor, see appendix), whereas 
for a = —1 it is 




( ° 1 


/o\ 

62 


62 

— c 

1 

63 


0 

— c 

0 

V 64 


V ^4 ! 


U; 


(7.6) 


Demanding the vanishing of the Killing spinor equations (|7.4|) and imposing the condition 
e = 0, as well as aA = |A|, leaves us with the following constraints 


Wdrcf) 

WdrW +Vdr^ 

dr e 

WdrR + Ry/Vdr(t) 






1 |A| 


4 VK 


e(p- 2 )<Ag 


_e(p- 2 )^|A| _ 


(7.7) 
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These equations can be solved to give 


1 / = , 

R = 62g-0/2 ^ 

e = e^eo, (7.8) 

where a, b, eo are integration constants. 

For p 7 ^ |, the dilaton is given by 

ed-^)'^ = |-(^-p)(r - ro)|, (7.9) 

a 2 

whereas for p = |, 

dr(f)=— —^ 0=—(r-ro). (7.10) 

a a 

Note that e is real and hence the backgronnd preserves l/2ofiV = 8,77 = 3 snpersym- 
metry. 

We notice here that whatever the valne of p, there is a solntion to the Killing spinor 
equations. On the other hand, the equations of motion are satisfied provided = 

A is p = 4. Thus, contrary to common experience |]23| , pKj |T^, not every 

solution to the Killing spinor eqnations solves the eqnations of motion. 

For p = 4, the curvature scalar is computed to be TZ = which is always positive. 


8 Conclusions 


We have considered in the present work the low-energy effective Lagrangian of heterotic 
string theory compactified on a seven-torus, and we have constrncted a variety of electri¬ 
cally charged and solitonic backgronnds preserving 1/2”* of = 8,77 = 3 snpersymmetry 
{m = 1, 2, 3). The construction of the solntions is done by using the criteria of nnbroken 
supersymmetries and solving for the associated Killing spinor eqnations. The space-time 
line elements of the solntions constrncted here have the form (O), which differ from the 
usnal line element associated with conical geometries |12|. These line elements do not 


seem to correspond to small deformations of flat space-time. Thns they seem to contain 
some interesting structnre which deserves further study. 


Further solitonic solntions with diagonal space-time line elements can be obtained by 
applying more general 0(8,24) transformations to the electrically charged solntions of 
section 4 and 5. It wonld also be interesting to consider a non-diagonal ansatz for the 
space-time metric. 
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We have also found a solution to the Killing spinor equations with 7 ^ 0 which 

preserves 1/2 of the N = 8 supersymmetry. Furthermore, we have shown that the 
compactihed cosmic string solution constructed by Sen satishes our Killing spinor 
equations. 


Most of the solutions presented here are charged with the associated gauge held strengths 
given everywhere by (|2.13|) . We note, however, that one should generally expect these 
solitonic solutions to get modihed by quantum corrections, at least in the strong coupling 
regime |^. Recall the fundamental string solution discussed by Sen that we have 
considered in section |^. There we showed that a holomorphic solution S{z) satishes our 
Killing spinor equations. As Sen points out, the holomorphic function S{z) = Ai + i \2 
has the behavior A 2 — Inr for r —>■ 0 , whereas at r —>■ 00 , this behavior 

needs to be modihed in order to make sense. This is achieved by replacing S by the 
SL{2,Z) invariant function j{S), such that j{S{z)) ~ Ijz for r —>• 00 . Therefore the 
solution S{z) should be considered only as an approximate solution that gets modihed 
as the theory enters the strong coupling regime. In analogy with the above, we would, 
for example, expect our electrically charged solutions in subsections and 0 to get 
modihed at short distances, where the coupling becomes strong. Similar phenomena 
have been shown to occur in = 4, iA = 3 supersymmetric gauge theories where 
the classical moduli space receives perturbative as well as non-perturbative quantum 
corrections. An extension of these ideas to string theory remains to be explored. 
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A Appendix 

In ten dimensions, the T"^ matrices satisfy 

{T^, T^} = , (A.l) 

where A, B are D=10 tangent space indices and where rjAB = (—, +,•••,+)• The decom¬ 
position of the gamma matrices that is appropriate to the 10=3-1-7 split is 

T^ = (r“,r“) = (7“®l8,7^®S“) , (A. 2 ) 

where 

{ 7 “, 7 / 3 } = 27 “^ = (_,+,+) , 
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{S“, S^} = 2 r;“^ rf = (+,+,...,+) , 

{ 7 ^ 7 “} = 0 , ( 7 ")^ = l 4 . (A.3) 

7 " and S“ are the 3D space-time and 7D internal Dirac matrices respectively, and 7 *^ 
plays the role of a chirality operator by enhancing the three-dimensional space-time 
spinor to a fonr component spinor (instead of the usnal two component spinor). Note 
that in order to have {r“, F"} = 0 we are forced to introdnce the chirality operator 7 ^. 
We decompose the lOD spinor into the form ® y*, where is a four component 

spinor of SO(l, 2 ) {A = 1 ,..., 4) and x* is a SO(7) spinor, with i = 1,..., 8 indicating 
the N = 8 supersymmetries. 

We have 

r«/3 = 7«/3 (g) ig, r““ = 7V®s“, = , 

= 7 “ ® = 7 “^ 7 ^ ® S“, (A.4) 

with . .r^l, thus = |(r^r^ - r^r^). The IOD chirality operator 

is given by F^^ = ^ 


As a representation of the 7 matrices, we take 


/ = 


la 


0 

2 0 


7 I = 


a 


0 (T^ 

3 0 


72 = 


a 


0 a 

1 0 


1 


74 = 


with 



I 2 0 \ 

0 -I 2 ; ’ 


(A.5) 


Then 


7“ = -V, 7“ = JiK 7“ = Ji° 


(A. 6 ) 


where 


We have 7 ^ = S"* = 

inverse vielbeins respectively. 


J = 


0 I 2 
I 2 0 

e™S“, where and e™ 


(A.7) 


are the space-time and internal 


The conventions for the Christoffel symbols and the Ricci tensor are the following: 

dg/iu 


FP = 

= E 


ua ^ dg 




dx’' 


d 


dx 


F!:„ - 


dx'^ 
d 


■} 


i/ pp 


dxP 


r'Wr'')-h V(F" F'" -F“F 

^ ^ Up/ ' pp OLV Z^p 


) 

Q.pJ 


Z_^ u/i 
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dgua 

dxP 



(A. 8 ) 
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Our convention for the spin connection is 


^MAB — -EA{dMENB—dNEMB) + -Es{dNEMA—dMENA) — -EAE2{,dpEQ—dQEp)EMC 

(A.9) 

and 


GmN — E^ TjAB E^, 

Other useful identities are 

1 


7 


fiup _ 


dete"“^"^ 
6 

det e 
1 




eoi2 7 


012 




Emb — E^ rjcB- 


(A.IO) 


with = -6012 = 1 , 


(A.ll) 
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